Abstract. Let D be a finite simple digraph with vertex set V (D). A twin signed Roman dominating function on the digraph D is a function f
Introduction
Let D be a finite simple directed graph with vertex set V (D) and arc set A(D) (briefly V 
. Consult [7] for the notation and terminology which are not defined here.
A signed Roman dominating function (abbreviated SRDF) on D is defined as a function number of a digraph was introduced by Sheikholeslami and Volkmann in [5] and has been studied in [5, 6] .
In [6] , a set { f 1 , f 2 , . . . , f d } of distinct signed Roman dominating functions on D with the property that 
A set { f 1 , f 2 , . . . , f d } of distinct twin signed Roman dominating functions on D with the property that 
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In this paper, we initiate the study of the twin signed Roman domatic number in digraphs and we present some sharp bounds on d * sR (D). In addition, we determine the twin signed Roman domatic number of some classes of digraphs.
is the closed neighborhood of v, and every vertex u for which f (u) = −1 is
The signed Roman domination number γ sR (G) of G is the minimum weight of an SRDF on G. 
Observation 1. If G is a graph and D(G) its associated digraph, then γ sR
We make use of the following results in this paper.
Observations 1, 2 and 3 lead to the next results immediately.
If n ≥ 4 and { f 1 , f 2 , . . . , f n } is a signed Roman dominating family of functions on K * n , then we conclude from Using Observations 1 and 6, we obtain the next result.
Inequality (3) and Observation 10 imply the next corollary.
Corollary 11. Let D be an r -out-regular digraph of order n such that r ≥ 1.
Properties of the twin signed Roman domatic number
In this section we present basic properties of d * sR (D) and sharp bounds on the twin signed Roman domatic number of digraphs. Using Observation 9 and (3), we obtain our first bound { f 1 , f 2 , . . . , f k+1 } be a signed Roman dominating family on the digraph G 1 , and let {g 1 , g 2 , . . . , g k+1 } be a signed Roman dominating family on G 2 . As we note after Observation 5, each f i assigns 2 to some vertex of G 1 and each g j assigns 2 to some vertex of G 2 . Corollary 16. Let C n be an oriented cycle of length n ≥ 2. Then d * sR (C n ) = 1 when n is odd and d * sR (C n ) = 2 when n is even.
Proof. First let n be odd. Using Observation 8 and Theorem 15, we deduce that 
Proof. It follows from Theorem 15 that
According to (2) and Proposition 12, we have 1 ≤ d * sR (G) ≤ n. Using these bounds, and the fact that the function g (x) = x +n/x is decreasing for 1 ≤ x ≤ n and increasing for n ≤ x ≤ n, we observe that the maximum of g on the interval [1, n] is n +1. Therefore (5) leads to the desired bound.
If D = K * n (n = 3), then we deduce from Observations 4 and 5 that γ *
Since the maximum of g on [1, n] is achieved only at 1 and n, it follows from (5) that 
Proof. Since δ(D)
a contradiction. Next assume that n ≡ 0 (mod(r + 1)). Then n = p(r + 1) with an integer p ≥ 2.
If n ≡ 0 (mod(n − r )), then it follows from Corollary 11 and Proposition 12 that
a contradiction. Therefore assume that n ≡ 0 (mod(n − r )). Then n = q(n − r ) with an integer q ≥ 2. Since r ≤ (n − 1)/2, this leads to the contradiction
and the proof is complete.
For some special cases we will improve Proposition 12.
Theorem 19. Let D be a digraph. If D has a vertex v with the property that d 
